Using methods of modern field theories a canonical transformation of the Hamiltonian of free electrons in the field of the lattice vibrations is performed. This transformation takes account of the bulk of the interaction of the electrons with the vibrational field and leads to a renormalization of the velocity of sound and of the interaction parameter F . An objec tion of WentzeJ's against the use of large F is removed in this way. Even in the case of weak interaction the transformed Hamiltonian contains already in zero order terms which require a modification of the usual procedure in the theory of metals, and which at low temperatures lead to an increase of the effective mass of the electrons. Treatment of strong interaction requires the development of a new method.
Introduction
In the theory of metals in its simplest form electrons are treated as free, apart from their interaction with the lattice vibrations. Bloch (1928) has described this inter action in terms of absorption or emission of vibrational quanta. Recently, it has been noticed by the author (Frohlich 1950, quoted as I) th a t this implies also the possibility of virtual emission and absorption of quanta and in this way gives rise to an interaction between electrons. In fact, the situation is best described in terms of a field theory in which the electrons are the sources of the vibrational field. Discussiorr with the help of perturbation theory led to the introduction of an interaction parameter F. I t was found th a t if F is larger than a then the electron distribution in momentum space differs in the ground state from the normal distribution. This new state was tentatively identified with the super conductive state which led to a prediction of the isotope effect. Starting from a knowledge of this effect, Bardeen (1950) has developed a theory on similar lines.
Further development of the theory has been hindered so far by mathematical difficulties. For the condition F > F0 implies th a t perturbati be usefully applied to calculate details of the energy spectrum, although it should be expected to lead to the correct magnitude of the energy of the ground state.
The case of normal metals for which F <F0 shows also some points of interest. Thus, as Buckingham (1951) has pointed out, the density of energy levels is altered by the interaction. This may lead to anomalies in the specific heat. Also, as was first suggested by Cooke (1951) , certain anomalies in the soft X-ray emission spectrum of Na observed by Skinner (1940) might find their explanation in this way. The only explanation th a t was available at the time would require an overlapping of energy bands which is very unlikely in Na.
The major part (2^) of the interaction energy between the electrons and the lattice vibrations is due to an adjustment of the electronic density in the potential field of the lattice vibrations and follows them adiabatically. I t is this part which gives rise to the (negative) self energy of a vibrational quantum calculated by Wentzel (1951) , as has been suggested by Huang (1951) . All the interesting effects mentioned above are, however, due to a second part (E2) of the interaction which is dynamic in nature; its ratio to E x is very small, of the order of the ratio of the velocity of sound to the velocity of the electrons. Wentzel has pointed out th a t the first part E x would lead to a breakdown of the lattice if F > F0.
I t is the main object of the present paper to perform a more satisfactory separa tion of E x from E % than by ordinary perturbation theory. This will be done by a canonical transformation, using methods of modem field theories. I t will lead to a renormalization of the velocity of sound and of the interaction parameter. Wentzel's objection to the possibility of choosing F larger than E0 will then be found to hold no longer.
2.
A CANONICAL TRANSFORMATION Consider a Hamiltonian which consists of three parts,
due to free electrons, field, and interaction. Let P (r, t) be a longitudinal displace ment of the lattice and assume
where M is the mass of an ion of the lattice, n their number per unit volume and s' the velocity of sound in the absence of ion-electron interaction.! If is useful to introduce here a complex function B instead of the real P by div B = div P + iPw/sw', curl B = 0. 
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Finally the interaction will be written as
(2 J w,k where C' is a constant with dimension of an energy. Note th a t the ak commute with the 6W and th a t k is the Fourier coefficient of the electronic density operator. The constants Dw are real, and given by
Thus F ' becomes identical with the interaction constant F introduced in I (2-9), if we replace there C2 and s by 9<7'2/8 and s' respectively. £ is the Ferm defined in I (2*2).
From (2*1), (2*5), (2-6), (2-9), (2-11) and (2*12) one obtains
We now wish to perform a canonical transformation which removes the inter action term as completely as possible. Let S be an operator satisfying
(2-16) so th a t es is unitary. Then
where the brackets represent the commutators similar to the notation in (2-6). S will be assumed of the form (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) and ^(k, w) is a c-number which will be discussed below. At this stage it should be remembered th a t the theory of metals contains the hypothesis th a t the elastic waves can be considered as harmonic. This means th a t in the Hamiltonian terms containing 62, 6W 6V , b+ 6v(w 4= v), and similar combinations, should be negligible after the observed velocity of sound 5 has been introduced. This is not yet obvious from (2-15) because s' is not the observed velocity of sound. 
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The velocity s will be defined below so as to approach the velocity of so closely as possible. Then arranging terms in rising order of 6W (except for 6W ),
This expression can be evaluated with the help of (2*6) and (2-8). For then (ujj" ttj, ttg" Cfj) -®r ^kt®q" ® 1» (2'26) and hence with (2-19), Also, since b% terms will be neglected, The function A has to be introduced to prevent 0(k, w) from becoming infinite which would prevent the development indicated in (2-17) and (2-25). The energy Tw has to be chosen such as to make this series converge. As a next step the velocity ss hould be determined such th a t the t in H0 is the only term of the Hamiltonian H containing 6+ 6W . This requires th a t in (2-32) the term proportional to b£ 6W must vanish. Since % (cf. 2-28) is an operator this would make s an operator. Therefore % will be replaced by its expectation value nk, and hence from (2-32)
Thus s may depend on w.
Interaction of electrons lattice vibrations 295 3. The renormalized H amiltonian
From (2*25) making use of (2*22), (2-23), (2-30), (2*33) and of the fact th a t in view of (2-36) the b+b term of (2-32) can be neglected, In this Hamiltonian the physical meaning of the quantities <\ and 6W is different from th a t introduced in § 2. However, since they were defined by the commutation rules (2-6) and (2-8), which still hold, it is not necessary to use a new notation. As a consequence, for instance, the Fourier component of the electronic density is no longer given by (2-12), but by pw = e«+S a k +-(3-3) k which can be calculated in a similar way as H has been obtained in § 2. The quantity 2 Ok"-wOk, on the other hand, now represents the Fourier component of the density k of particles described by plane waves with amplitudes <\ satisfying Fermi statistics. These particles are electrons, carrying with them some lattice deformation. The 6w's on the other hand, are now the amplitudes of oscillations of the ions of the lattice carrying with them oscillations in the electronic density which lead t<3 the renormalized velocity of sound. The various terms in the Hamiltonian H, equation (3-1), have thus the following meaning. The first two terms represent the energy of the free particles and the free vibrations described by <\ and 6W respectively. The third term leads to absorption or emission of vibrational quanta by the particles; but in view of the factor A it vanishes unless energy is conserved within a range F^, as follows from (2*34). The fourth term Hs represents an interaction between the particles.
In the derivation of (3-1) it was assumed th a t must be chosen such th a t the terms indicated by dots in (2*25) can be neglected. Clearly if is very large then H, equation ( Here dk is the volume element in k-space, and the factor 2 takes care of the two possibilities for electronic spin. In the same approximation in which and hws have been neglected nk can be replaced by a Fermi distribution at the absolute zero of temperature. In all cases of interest this involves an error of less than 1 %. The integration is straightforward and leads to = 2vgF (3-7)
(v = number of electrons per ion) in agreement with Wentzel (1951) . Here g is a numerical factor; g = 1 if w<^ k0; g = | if the highest occupied level.
The term Hs, equation (3*2), can be simplified by introducing an operator sop by
€q -w ~ eq + making use of A2 = A, and of (cf. 2-26) (ak a^-waq) " ^kqkk-Wk-w)* (3*9) Thus according to (2-36), s is the expectation value of sop>. Als (3*8), one finds
e,_w-e,+*«ra «» °k -* w < s s°p > W l k,«
•) eq_w -eq + hws
< *■ ■ »>
Introduction of this equation and of (3-8) into (3-2) leads to
where we have defined
Use has been made of (2T3) according to which hws 3 n s and with the help of (3-7) the renormalized interaction parameter F has been
defined by s 1 -2 (3*14)
Discussion
The final Hamiltonian is obtained from (3*1) and (3-2) using (3-11) and (3-13) as
" Ire ? SsK<l.w ) « f 0*-w0£-wak}'-(4 1 )
Since in good approximation < sop can be replaced by s the renormalization of the velocity of sound can be considered as completed. According to (3-7) to make s positive the original interaction parameter must satisfy the condition 2vF 'g< \, (4*2)
as was found by Wentzel (1951) . The transformed Hamiltonian contains, however, no longer an F ' but the renormalized interaction parameter F which, according to (3*14), can have any positive value, however large, in spite of Wentzel's condition (4-2). Wentzel's objection against large F thus no longer holds.
In the approximation in which the particles are treated as free the Hamiltonian The last term in (4-1) thus contributes to the energy in zero order only if k = q. Using (3*12), (2-34) and (2-36) this contribution can be written as
In the limiting case th a t r w ->0 the factors (1 -A) imply th a t principle values have to be taken in the sums (integrals). From the left-hand side of (4-4) it is seen then th a t the last term of (4*1) is nearly identical with the energy E 2 obtained in I from per turbation theory if the renormalized values of s and F are used. I t will be remembered that this term forms the basis of the discussions in I. Also, since the first term on the right-hand side of (4-4) becomes formally identical with the total energy obtained in perturbation theory, E x + E % , it follows th a t the energy E x of I represents essen tially the energy change T>^hw(s -s ' ) of th e zero point energy o due to renormalization of the velocity of sound.
W ith growing Tw the factors (1 -A) require a choice of the limits of integration which eliminates from the energy a finite range r w near the values at which the denominator vanishes. At the same time the third term of (4-1) makes a contribution Aj Ewhich, in view of the factor A(k, w), just arises from the energy regions elimin ated in the last term by the factors (1 -A(k, w) ). This third term is connected with transitions between states of nearly equal energy; it thus lifts a degeneracy due to the possibility of emission and absorption processes which conserve energy within a range For a Fermi distribution f 0 a t the absolute zero of tem fore, AE = 0 if Tw ^ hws. If a single electron is lifted into a state k outside this distribution then A"
is found. If r " = hws is chosen then Bardeen's (1950, equation (4-3) ) expression is obtained which, as he has shown, leads to nearly the same results as obtained in I (i.e. Tw-> 0 and use of principle values). Thus in the present approximation the value of Vw has no great influence on the results. The free particle approximation used here may be hoped to lead to reasonably good results if F is sufficiently small, i.e. for normal metals as discussed in §1. Even in this case, however, the usual procedure in the theory of metals must be modified so as to include the last term in the Hamiltonian (4*1) because it contributes to the energy already in zero order. At low temperatures this term leads to a change of the dependence of electronic energy on wave number in a small energy region near the Fermi surface as follows from figure l a of I. This modification can be expressed in terms of an increase of the effective mass of electrons over the high tem perature value. I t is probably responsible for the effects mentioned in § 1 and should also alter the theoretical ratio of high to low temperature electrical conductivity which, as pointed out by Bhatia (1952) , cannot be considered as satisfactory at present.
For large F (superconductors) the free particle approximation would lead to the results found in I. For dimensional reasons it may be hoped to yield a correct magnitude of the energy of the ground state, a view supported experimentally by the isotope effect of superconductors. The free particle approximation cannot, however, be expected to be applicable to the calculation of details of the energy spectrum, and hence of the specific heats and the electro-magnetic properties of superconductors. Theoretical treatm ent of these effects must wait, therefore, for the development of new methods to deal with equation (4-1).
